Abstract. The commonly used incompressible phase field models for non-reactive, binary fluids, in which the Cahn-Hilliard equation is used for the transport of phase variables, conserve the total volume of each phase as well as the material volume, but do not conserve the mass of the fluid mixture when the densities of two components are different. In this paper, we formulate the phase field theory for mixtures of two incompressible fluids, consistent with the quasi-compressible theory [28], to ensure conservation of mass and momentum for the fluid mixture in addition to conservation of volume for each fluid phase. In this formulation, the mass-average velocity is no longer divergence-free (solenoidal) when the densities of two components in the mixture are not equal, making it a compressible model subject to an internal constraint. In one formulation of the compressible models with internal constraints (model 2), energy dissipation can be clearly established. An efficient numerical method is then devised to enforce this compressible internal constraint. Numerical simulations in confined geometries for both the compressible and the incompressible models are carried out using spatially high order spectral methods to contrast the model predictions. Numerical comparisons show that (a) the predictions by the two models agree qualitatively in the situation where the interfacial mixing layer is thin; and (b) the predictions differ significantly in binary fluid mixtures undergoing mixing with a large mixing zone. The numerical study delineates the limitation of the commonly used incompressible phase field model and thereby cautions its predictive value in simulating well-mixed binary fluids.
explicitly tracking the interface is the most attractive numerical feature of this modeling 
Governing equations

88
In a phase field theory, the transport equation for the volume fraction of one fluid phase 89 is given by φ t +∇·(φv) = ∇·(λ∇µ p ), (2.1) where v is an average velocity to be clarified below, λ = λ(φ) is the mobility function, and µ p is an operator related to the chemical potential of the material system to be determined. The mobility function λ is often taken as a constant λ 0 , but is preferably a function of φ in the form:
2)
The Cahn-Hilliard equation with the volume fraction dependent mobility is called singu- 
94
The free energy of the mixture system is normally a function of the labeling function of phase function and its higher order derivatives (only the first order is included here for brevity):
In this paper, we consider the mixture of two incompressible fluids with constant mass density ρ 1 and ρ 2 , respectively. The total density of the mixture is then given by
We identify v as the mass-average velocity for the mixture. Then, the conservation equations for mass and momentum are given by
where F e is the external force and φ∇µ is the "elastic force" or the "surface force" due to the interfacial energy f (φ) [?] . The surface force −φ∇µ can be replaced by µ∇φ modulo a surface term which is normally zero. In light of the transport equation for the volume fraction, we have
It is apparent that the divergence free condition for the mass-average velocity field is sat- 
100
To close the system of equations, we must come up with a constitutive equation for the stress tensor τ. We consider the mixture made up of viscous fluids. For viscous fluids, the stress constitutive equation is
where τ c is the constraint stress responsible to maintain the constraint Eq. (2.6) without any contribution to the entropy production, η is the shear viscosity, ν is the volumetric viscosity, and D is the rate of strain tensor. The ratio between ν and η depends on the property of the material and is roughly 4.3 for water for example. The viscosity coefficients for the fluid mixture are interpolated through the volume fraction and given by spectively.
102
To deal with constraint (2.6), we augment the chemical potential µ with a termμ called the constraint response in the transport of the volume fraction:
Based on the second law of thermodynamics in the form of the Clausius-Duhem inequality, the constraint response does not contribute to entropy production, i.e., 
For Eq. (2.10) must be valid for all thermodynamic processes that obeys (2.11), we deduce that
where p is the hydrodynamic pressure.
103
The governing system of equations for the binary fluid that respects the conservation G a l l e y P r o o f of mass and total volume are summarized as follows
We refer (2.13) as the compressible model 2 in this paper. On the other hand, if we replace µ p by µ in (2.13a)-(2.13c), we obtain another set of equations, which we refer to as the compressible model 1. With the help of (2.13c), the transport equation for φ can be recast into
provided ρ 1 = ρ 2 .
104
The above compressible models preserve the mass conservation and are compressible inside the mixing/interfacial region. In particular, compressible model 1 is also incompressible within pure fluid 1 or fluid 2 while compressible model 2 may be compressible everywhere due to the role played by the hydrodynamic pressure in the transport of the volume fraction. On the other hand, the incompressible model, in which the mass average velocity field is assumed solenoidal, consists of the following equations:
This model assumes that the flow is incompressible everywhere at the expense of local 105 mass conservation inside the interfacial/mixing region.
106
For the binary fluid models, we define the total energy as
where x is the Eulerian coordinate. For compressible model 1 with F e = 0, by taking the inner product of (2.13a) (with µ p replaced by µ) with µ and of (2.13b) with u, we find that the rate of change in the total energy is given by To ensure positivity in the first integral, we need (2ηD+νtr(D)I) : D ≥ 0, η ≥ 0,ν+ 2η 3 ≥ 0. Unfortunately, we have no control over the sign for the second integral. On the other hand, for compressible model 2 with F e = 0, by taking the inner product of (2.13a) with µ p and of (2.13b) with u, we can easily show that the rate of change in the energy for this system of governing equations is given by 
Choice of free energy
113
The free energy F can take different form depending on the applications. In this paper, we consider the free energy density in the following form:
where k B is the Boltzmann constant, T is the absolute temperature, and γ is a parameter
114
with the unit of a number density per unit length. γ is in fact proportional to the product 115 of the number density per unit volume and the square of the persistent length.
116
We first look at the Ginzburg-Laudau free energy with
for two immiscible fluids, where ǫ > 0 is a small parameter characterizing the hydrophobic property between the two fluids. Therefore,
We also consider the Flory-Huggins mixing free energy for two immiscible fluids to simulate the phase separation dynamics. The Flory-Huggins mixing free energy density is given by (2.19) with 22) where N 1 and N 2 are the polymerization indices for fluid 1 and fluid 2 and χ is the mixing parameter between 0 and 2. If both are viscous fluids, we assume N 1 = N 2 = 1. In this case,
Non-dimensionalization 117
We denote the characteristic time scale by t 0 and length scale by L 0 . The dimensionless variables are defined byt
We will drop the˜on the dimensionless variables in the following. We choose L 0 so that the dimensionless length L y = 1. We use L x = 1 in the following calculations simply for convenience. The dimensionless model parameters are defined by
Here Re s and Re v denotes the Reynolds number corresponding to the shear and volumetric stress, and Λ is the dimensionless mobility parameter. We set
The dimensionless equations for the two compressible models are given by The above system is subjected to a set of suitable initial and boundary conditions. For example, if the mixture is confined in a domain Ω, the boundary conditions are 
Discretization in time 128
To simplify the presentation, we shall present only first-order schemes. In what follows, 129 the superscript n denotes the time level and ∆t is the time step size.
130
Scheme based on a modified projection:
where S is a computational parameter and ǫ is the parameter in the free energy. The last term 132 is added to stabilize the scheme to allow larger step sizes. Its role is to damp the high frequency 133 or short waves in the numerical simulation. 
Denote
Solveṽ n+1 from:
3. Set c 0 = 1 and solve p n+1 − p n from:
where Ω is the domain occupies by the fluid mixture.
135
4. Finally, update
and then goto the next step.
136
Remarks:
137
• S=O(1) is a stabilizing computational parameter. We use S=2 in all the simulations 138 presented in this paper.
139
• Setting c 0 =0 in (3.4), we get the scheme for divergence-free velocity field (∇·v =0).
140
• η = φη 1 +(1−φ)η 2 and ν = φν 1 +(1−φ)ν 2 are the interpolated effective viscosity 141 coefficients.
142
• A second-order scheme can be constructed as well.
143
Notice that (3.4)-(3.5) represents a modified pressure-correction projection method. One can easily verify from (3.4)-(3.5) that v n+1 and µ n+1 
3. Set c 0 = 1 and solve p n+1 − p n :
where ρ min = min(ρ 1 ,ρ 2 ). Go to the next step.
152
We observe that the step (3.7) is a system of two second-order equations with constant 
159
Therefore, the mass is conserved up to a controllable error of order O(∆t 2 ), independent 160 of the interfacial width ǫ. 
Discretization in space 162
The spatial discretization can be done in either a spectral method or a finite element 163 method or a finite difference method. However, the spatial resolution needs to be fine 164 enough to resolve the interfacial layer. We shall use the high resolution spectral method 165 which requires a significantly less number of unknowns inside the interface as compared 166 with a lower-order method.
167
We focus in this paper on two-dimensional fluid flows in both drop dynamics as well 
The boundary conditions of φ at y=0, L y are interpreted as the flux boundary conditions.
172
We shall use the Fourier expansion in the x-direction and the Legendre-Galerkin 
We first consider the drop dynamics of fluid 1 immersed in fluid 2 and denote the and 2, respectively. The pressure around the drop remains low, which is shown in Fig. 3 .
196
The drop shapes obtained using the three distinct models are contrasted at a selected time by the drop profile is shown in Fig. 5 , where a pair of vortices are shown explicitly.
201
We then repeat the simulation with a heavier fluid drop sediments in a lighter fluid.
202
The density ratio is reversed to ρ 1 : ρ 2 = 50 : 1 and the viscosity ratio is reversed to 100 : 1.
203
The behavior described above for the rising drop reverses. This time, the predictions In summary, the model predictions in both drop rising and drop sedimentation agree 
234
If we were to impose the constraint on the conservation of the total volume of each 235 separate phase, the predictions from the compressible models should be more credible 236 since they also conserves the mass, which is fundamentally important.
237
Conclusion
238
A pair of phase field models that conserve mass, momentum and total volume for each 
248
The deviation between the predictions by the compressible models and the incom- is small compared to the entire fluid domain, both model predictions agree qualitatively.
251
However, when the mixing zone is large, the two classes of models describe two quite 
